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ABSTRACT 
 
Sikulskyi, Stanislav MSAE, Embry-Riddle Aeronautical University, November 2017. 
Analytical and Numerical Approaches on the Stiffness of MR Fluid Filled Spring. 
 
A solid mechanical spring generally exhibits uniform stiffness. This thesis studies 
a mechanical spring filled with magnetorheological (MR) fluid to achieve controllable 
stiffness. The hollow spring filled with MR fluid is subjected to a controlled magnetic field 
in order to change the viscosity of the MR fluid and thereby to change the overall stiffness 
of the spring. MR fluid is considered as a Bingham viscoplastic linear material in the 
mathematical model. The goal of this research is to study the feasibility of such spring 
system by analytically and numerically computing the effects of MR fluid on the overall 
spring stiffness. For this purpose, spring mechanics and MR fluid behavior are studied to 
increase the accuracy of the analytical analysis. Numerical simulations are also performed 
to generate some assumptions, which simplify calculations in the analytical part of the 
analysis. The accuracy of the present analytical approach is validated by comparing the 
results to previously known experimental results. Overall stiffness variations of the spring, 
calculated through the developed equations, are also discussed for different spring designs. 
Simulation of a helical hollow spring with an annular cross section filled with MR fluid is 
performed using ANSYS by means of two-way Fluid-Structural Interaction (FSI). The 
simulation shows that MR fluid effect is capable of controlling the stiffness of the spring 
in some ranges. 
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1. Introduction 
Due to rapid technological developments in the last century, structural components 
implemented in aerospace, mechanical, civil, and other engineering fields have obtained 
dimensional and mechanical advantages, such as being lighter or having higher strength 
with smaller principal dimensions. This is probably owing to the development of new 
materials, manufacturing innovations, and advanced design techniques. Regardless of these 
developments, there are still some technical challenges present in man-made structures 
during their operations, such as structural instability due to vibration. Controlling vibration 
or increasing dynamic stability of a structure is of crucial importance because it can lead 
the structure to its limit state or even failure at much lower loads than it was designed for. 
There are many well known cases when bridges, buildings, towers, and other structures 
were damaged or completely destroyed by vibrations, particularly resonance, induced by 
either wind or earthquake (Wang et al., 2014). Some of these cases are shown in Figure 1.1 
and Figure 1.2. 
  
Figure 1.1 Structural failure due to wind induced vibrations of (a) the Taiwan Power Co 
wind turbine blade (Chiu & Hsu, 2013) and (b) Tacoma bridge (Ohanian & Markert, 
2007). 
(a) (b) 
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Figure 1.2 Collapsed section of the Hanshin Expressway during the Hyogoken-Nanbu 
Earthquake (Akai et al., 1995). 
In the aerospace industry, structural elements are even more susceptible to 
vibrations. Additionally, wings, blades, stabilizing and control surfaces can be subjected to 
aeroelastic effects and vibrations generated by aircraft dynamic modes. Having achieved 
the satisfactory static strength, first aircrafts and especially rotorcrafts still used to be a 
precarious mean of transportation. Lots of vehicles failed due to the dynamic loads before 
sufficient reliability was reached (Hodges and Pierce, 2011). Considering the potential 
danger of vibrations, their analysis and test have become a standard part of a structural 
design procedures in aerospace, civil, marine engineering, etc. (Richardson and Ramsey, 
1981). For example, all civil transport aircraft manufactured in the US must be designed, 
built, and tested according to the Federal Aviation Regulations (FAR), Part 25 - 
Airworthiness Standards: Transport Category Airplanes, where in Section 25.629 all the 
aeroelastic stability requirements are stated (FAA, 1965). Nowadays, vibrations are 
controlled much better than used to be and sufficiently precise enough not to cause 
complete failure in most of cases. This better controllability, in addition to fatigue failure 
studies, allows in decreasing the design-limit load factor, i.e. reduce the weight of parts 
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and components, and extend a fatigue life of structures (Grover, 1966). Nevertheless, when 
some kinds of operational deviations are present in the main structural components, an 
effect of vibration can be more severe. For instance on March 6, 2005, the Airbus A310-
308 of Air Transat airline (Flight 961) completely lost its rudder after it was affected by 
the Dutch roll and flutter, and some prior structural defect as determined through the 
investigation (Transportation Safety Board of Canada, 2007). The consequence of the event 
was captured after the emergency landing, which is shown in Figure 1.3. 
 
Figure 1.3 Lost rudder due to flutter effect and prior structural deviation. 
For the last decades, several approaches to reduce and control vibrations were 
developed with great success. Nonetheless, new tasks and higher requirements arise as a 
result of intensive technology development, strong demand of lighter structures, and 
requirements of thinner and more flexible structures. Hence, the dynamic stability of 
aforementioned structures stays as an important task to be solved and much more improved 
in various fields of engineering. 
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1.1.  Passive, active and semi-active methods of vibration control 
In general, the techniques developed to control vibration by providing stability to 
structure can be divided into three groups: passive, active, and semi-active methods 
(Preumont, 2011). 
The passive method can be implemented by designing a structure using materials 
with appropriate dynamic stability properties (i.e. thermally stable, energy absorbing 
property, etc.) or devices that work without external control (rubber damper, any 
mechanical or hydraulic damper) (Zhu et al., 2012). Thermally stable materials are used to 
maintain mechanical properties of the structures unchanged in a wide range of operational 
temperatures. This is important in case of designing internal combustion or jet engines, 
some parts of engine mount systems, supersonic aircraft external panels, etc. Rubber 
damper, shown in Figure 1.4, is the most common vibration control device used in every 
engineering related field, e.g. heavy industrial equipment, supports for buildings, bridges 
and other civil structures, engine mounts in cars, aircrafts, etc (Shmyrov et al., 2010). 
  
Figure 1.4 Rubber support in (a) engine mount system, (b) a bridge bearing 
Passive vibration control method is used in the majority of applications due to its 
simplicity and the low cost. However, some major drawbacks of this approach, such as 
(b) (a) 
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constant dynamic response and relatively large weight, limit its application in cases of more 
complex, dynamically changing vibration profiles. 
The active method uses a system that consists of actuators and sensors that are 
connected to a target structure as well as a control system. Based on sensors’ feedback, the 
control system activates the actuators to stabilize the structure. Occasionally, some active 
damping systems can be lighter and even cheaper comparing to the passive system with 
the same effectiveness (Preumont, 2011). First researches on active method appeared in 
the 1950s, however, it started to be implemented practically around 1990s (Xu et al., 2016). 
Such a delay in the implementation of the method can be explained by the need of 
developed control systems and advanced manufacturing technologies, which appeared at 
the end of the last century. Nowadays, active damping method is used in some 
manufacturing processes where absolute vibration-free environment is required, example 
of which is the production of semiconductor wafers during photolithography. In civil 
engineering the most common applications of active method are active mass damper 
(AMD) and active tendon system (ATS), which are used to provide dynamic stability to 
high-rise buildings and other structures (Xu et al., 2016). In some cases, active vibration 
control devices are obtained simply by replacing a constant stiffness elements, i.e. springs, 
in existing passive damping systems with the actuators, and adding the corresponding 
control system. This can be applied to AMD, which was obtained by adding an actuator to 
the tuned mass damper (TMD). While the only problem with control system is its 
complexity, transition from passive to active method also requires an actuator to have a 
minimum weight for a needed load capacity, respond quickly to external stimuli and to be 
easily controlled. For that purpose, smart materials are mostly used as actuators. 
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Piezoelectric materials, particularly lead zirconate titanate (PZT), became the most popular 
choice for actuators. Being stiff and providing large actuating force for comparably small 
size and weight, PZT based damping systems are intensively studied to be implemented in 
aerospace industry. Stacked PZTs (Ardelean et al., 2006) and flat PZT (Prakash et al., 
2009) actuators are studied to be used for vibration/flutter control of a wing and control 
surfaces of an aircraft, and can be seen in Figure 1.5. 
  
Figure 1.5 (a) Stacked (Ardelean et al., 2006) and (b) flat (Prakash et al., 2009) 
configurations of PZT to control wing vibrations. 
Although purely active control is not used widely yet, smart materials are being 
intensively developed making the active method a promising technique to improve a 
dynamic stability of structures. 
Lastly, the semi-active method is essentially passive and cannot input energy into 
the structure to stabilize the structural system like it is done in the active method. The semi-
active devices generally change their damping properties enabling control of structural 
vibrations. Meanwhile, this method should be distinguished from the hybrid damping 
systems, particularly hybrid mass damper (HMD), which represents a combination of 
passive and active devices coupled in one damping system (Chu et al., 2005).  
Apparently, the primary property that is controlled in semi-active method is 
stiffness of the damping system, which can be shown as: 
(a) (b) 
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𝑘 = 𝑘0 + 𝑘𝑣 (1) 
where 𝑘 – is the overall stiffness of a damping system, 𝑘0 – constant portion of the stiffness 
provided by passive damping effect, and 𝑘𝑣 – variable (controlled) portion of the stiffness 
due to embedded active control. 
The main advantages of this type of control over active method are that it usually 
requires much less energy to be operated, as the energy is used to change only the variable 
portion of the stiffness 𝑘𝑣,  and simplifies the overall system as it often uses modest control 
systems (Preumont, 2011). If the variable portion of the stiffness is partially or completely 
lost due to some improper work of a control system, the damping device retains its constant 
stiffness portion. Often enough, passive stiffness 𝑘0 might be sufficient to prevent complete 
failure of the structure. Owing to the abovementioned advantages of the semi-active 
vibration control method, variable stiffness devices (VSDs) obtained significant number of 
applications, especially in civil Engineering (Xu et al., 2016) and automotive industry 
(Choi & Han, 2016). 
1.1.1. Varied and Variable Stiffness Devices 
First VSDs were proposed around 1920s, long before active vibration method 
appeared, and did not utilize smart materials to create a variable portion of the stiffness 𝑘𝑣. 
They were designed by simply introducing an additional controlled damping element into 
the passive system. These devices are divided into two groups: varied stiffness dampers 
and varied damping dampers, schematic models of which can be represented as in Figure 
1.6. It can be seen that the behavior of the devices is similar with the only difference that 
in the first case the additional damping element has only two extreme positions, while the 
second type of the element possesses an ability to change its damping properties within a 
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certain range. A typical hydraulic damper, shown in Figure 1.7, can be related to both of 
these damping devices groups depending on a type of valve installed in the system (Xu et 
al., 2016). 
  
Figure 1.6 Schematic models of varied (a) stiffness and (b) damping dampers. 
In the Figure 1.7, the additional element is represented with the second channel and 
a valve. If the valve has only two extreme positions with different flow coefficients, then 
such a device is considered to be varied stiffness damper. Due to its limited performance, 
such type of damper is used mostly to avoid the natural frequency of the target structure. 
On the contrary, if the valve can be controlled, e.g. with a servo, and change its flow 
coefficient gradually within a given range, then such a device is called variable damping 
device. In this case, its damping force can be precisely adjusted to withstand dynamically 
changing vibrations. 
 
Figure 1.7 Configuration of varied stiffness/damping damper (Xu et al., 2016) 
(a) (b) 
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Embedding smart materials technology to the semi-active control allowed to 
significantly improve the damping properties of the systems and to simplify the structure 
of such devices. Such smart materials as piezoelectric ceramics (Xu et al., 2016), shape 
memory alloys (Damanpack et al., 2014), electrorheological (ER) fluids (Onoda et al., 
1997), and other materials are studied for vibration control application. Within these 
materials ER fluid obtained the largest interest due to its controllable viscosity and quick 
response time. However, with the advent of stable magnetorheological (MR) fluid, the 
research focus moved from ER to MR fluid, as the latter one has much higher viscosity, 
i.e. damping potential. 
1.2 MR Fluid 
MR fluid is considered to be invented in late 1940s by Jacob Rabinow at the US 
National Bureau of Standards. In the late 1940s and early 1950s, there were more 
publications and patents pertinent to MR fluid technology rather than ER fluid, the latter 
smart fluid obtained a bigger interest for the next four decades. Despite the higher damping 
performance of MR fluid, obtaining a stable form of the fluid appeared to be a serious 
problem. After this issue was solved by introducing special additives to the fluid to reduce 
sedimentation of the ferromagnetic particles, MR fluid attracted attention in terms of 
research and some devices based on its technology found their commercial applications 
(Jolly et al., 1999). 
MR fluid represents a type of smart material, which in essence is a suspension of 
magnetically responsive particles in a liquid carrier, usually oil. Small amounts of different 
additional components are added by manufacturers not only to stabilize the suspension, but 
also to improve its viscous and dynamic properties. When subjected to a magnetic field, 
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the responsive particles build chains and significantly increase the viscosity of the MR 
fluid, like it is shown in Figure 1.8. This change in properties of the fluid can be controlled 
by varying the magnetic field strength, and thus, allows the usage of MR fluid in semi-
active control. 
 
Figure 1.8 MR fluid in passive and active states (Choi & Han, 2013). 
In the presence of a magnetic field, MR fluid is considered to be in its active state, 
when no external field is applied such a state of MR fluid is called passive. In the active 
state, MR fluid becomes semi-solid and behaves like a viscoelastic material before the 
shear stress reaches its yield value. After it passes the yield point, MR fluid exhibits 
viscoplastic nonlinear pseudoplastic behavior, i.e. viscosity is reduced with an increase of 
shear strain rate. The complete behavior and properties of MR fluid are quite complex and, 
thus, are described through a number of mathematical models to simplify the analysis of 
MR fluid technology based devices. 
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1.2.1. MR fluid models 
Most popular and simple models to perform the analysis of MR fluid are typical 
non-Newtonian fluid models like Bingham model, Herschel-Bulkley model, Biviscous 
model, and Casson model. 
Bingham model 
The Bingham mathematical model, named after Eugene C. Bingham, describes a 
viscoplastic material as one that has a yield point (or a yield stress) and behaves like an 
elastic solid below this critical stress (Figure 1.9). 
 
Figure 1.9 Comparison of Newtonian, Bingham, and Herschel-Bulkley models. 
When the stress continues to increase and goes beyond the yield point, the material 
starts to flow like a liquid. With increasing magnetic fields, the yield stress of MR fluid 
also increases. The MR fluid yield stress is represented as a function of magnetic induction 
(Carlson & Jolly, 2000; An & Kwon, 2003): 
𝜏 = 𝜏𝑦(𝐵)𝑠𝑔𝑛(?̇?) + 𝜂?̇? (2) 
where 𝜏 is the shear stress, 𝜏𝑦 is the shear yield stress, ?̇? is the shear strain rate, 𝐵 is the 
magnetic field, and 𝜂 is the post yield plastic viscosity. 
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Below the yield point, where material behaves like a solid, a general stress-strain 
relation for the shear is used: 
𝜏 = 𝐺∗𝛾 (3) 
The only difference is that the shear modulus is represented by a complex shear 
modulus 𝐺∗: 
𝐺∗ = 𝐺′ + 𝑖𝐺" (4) 
where 𝐺′ and 𝐺′′ are storage and loss moduli, respectively, and related to the energy stored 
and dissipated, respectively, per unit volume of the material during one loading cycle 
(Rajamohan, 2010). 
Herschel-Bulkley model 
The Herschel-Bulkley model describes viscoplastic material in a similar way as 
Bingham model (Figure 1.9). The only difference is that Herschel-Bulkley fluid 
experiences shear thickening or thinning, which is a nonlinear behavior (Yildirim, 2016). 
The mathematical model counts for this by introducing a flow behavior index into the 
Bingham model equation: 
𝜏 = 𝜏𝑦(𝐵)𝑠𝑔𝑛(?̇?) + 𝐾(𝐵)?̇?
𝑛′ (5) 
where 𝐾 is the consistency index, 𝑛′ is the flow behavior index, which shows how much 
the fluid is susceptible to shear thinning or shear thickening. 
Biviscous model 
The biviscous model considers two yield stress values, static and dynamic yield 
stresses, and two viscosities, pre-yield and post-yield viscosities (Figure 1.10). 
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Figure 1.10 Biviscous model. 
According to this model, in the regions where material experiences stress that is 
lower than static yield stress, the material behaves like a Newtonian fluid with a viscosity 
of pre-yield value. In the regions where the stress exceeds the static yield stress, the 
material behaves as a non-Newtonian fluid with much lower viscosity (post-yield viscosity) 
(Goncalves, 2005). 
𝜏 = {
𝜏𝑦𝑑 + 𝜂𝑝𝑜?̇?, 𝜏 > 𝜏𝑦𝑠
𝜂𝑝𝑟?̇?,                     𝜏 ≤ 𝜏𝑦𝑠
 (6) 
where 𝜏𝑦𝑑 is the dynamic yield stress, 𝜏𝑦𝑠 is the static yield stress, 𝜂𝑝𝑜 is the post-yield 
viscosity, and 𝜂𝑝𝑟 is the pre-yield viscosity. 
Casson model 
The Casson model describes a material as one that has a yield stress and behaves 
like a solid with a complex shear modulus 𝐺∗ before reaching the yield point. After 
exceeding the yield stress, the Casson fluid starts to flow having an infinite viscosity at 
zero shear rate and gradually decreasing in a non-linear way to zero value at an infinite 
shear rate (Sidpara et al., 2009; Reddy, 2016; Pramanik, 2014): 
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√𝜏 = √𝜏𝑦 + √𝜂∞?̇?   𝑓𝑜𝑟 𝜏 > 𝜏𝑦 (7) 
where 𝜂∞ is the suspension viscosity at infinite shear rate. 
Abovementioned mathematical models are simplified and limited in complete 
explanation of the nature of MR fluid behavior. They were derived to satisfy the properties 
observed in experiments, and thus, in essence, represent phenomenological models 
(Ciocanel, 2006). Most of the components that constitute the equations are found 
empirically by curve fitting experimental results. In addition, ferromagnetic effect of solid 
particles in MR fluids is not considered. Consequently, a number of advanced models were 
developed to fully describe MR fluid behavior with a certain accuracy. 
One of the advanced models is Kinetic Theory-based Model (Ahmadkhanlou et al., 
2010), which is based on the first principles. This model uses kinetic equation to describe 
the rate of change of particles motion, counting for effects of carrier fluid flow, Brownian 
motion of the particles, intraparticle and external forces. Although the model shows very 
close results to the experimental values, it requires lots of parameters to be known and 
overcomplicates the analysis, and thus is used only if an exceptional accuracy of the results 
is required. Furthermore, a number of similar models that also use constitutive equations 
to derive MR fluid behavior were created (Ciocanel, 2006). 
Another improvement in describing MR fluid is consideration of hysteresis in 
ferromagnetic particles. Two main models considering this effect are Preisach (Bertotti, 
1998) and Hodgdon (Coleman & Hodgdon, 1986) models. For some applications to obtain 
an accurate solution, it is important to take a magnetic saturation into account, especially 
if particles are highly ferromagnetic and their volume fraction in the MR fluid is high. 
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Other advanced models are used for specific applications and designs. Some of 
them are obtained by combining known models (Guo et al., 2006) for more detailed, but 
still simple analysis of particular MR fluid device, e.g. MR damper. Some models are 
developed to improve the result for certain application, e.g. in case of high flow velocity 
and shear strain rate (Goncalves, 2005), where MR fluid “dwell time” should be 
considered. “Dwell time” is a term used to specify how long MR fluid is subjected to 
magnetic field, e.g. when passing through an orifice of MR fluid damper with locally 
subjected magnetic field in a piston. Counting for this factor is important to properly 
describe the dynamic characteristics of MR fluid. 
1.2.2. MR fluid modes 
In general, there are three main modes in which MR fluid based devices are 
operated (Figure 1.11). 
 
Figure 1.11 MR fluid (a) flow, (b) shear and (c) squeeze modes (Spaggiari, 2013). 
In the flow mode, also called the valve mode, MR fluid flows due to pressure 
gradient between two parallel fixed walls. The shearing force is produced by viscous flow 
with a common velocity distribution, with zero velocity on the walls and maximum value 
in the middle of the gap. Such flow is typical for MR fluid valves, hydraulic dampers with 
orifices in the piston and bypass-type dampers etc. (Zhu et al., 2012). 
(a) (b) (c) 
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In the shear operation mode, one of the walls is fixed while another is subjected to 
some displacement rate, or both parallel walls are moving in the opposite directions. This 
mode is typical to MR rotary shock absorbers, rotor brakes, and clutches (Spaggiari, 2013). 
Some configurations of MR damper use flow and shear combination mode. In this case 
MR fluid flows through the annular gap between a cylinder of a damper and its piston, as 
can be seen in Figure 1.12. Hence, the fluid flows due to displacement of inner wall (piston) 
while the second wall is stationary and the pressure gradient induced by the piston 
movement (Wang & Meng, 2001). 
 
Figure 1.12 Flow and shear combination mode MR damper (Wang & Meng, 2001). 
Finally, squeeze mode is the one where parallel walls are displaced relatively to 
each other in the transverse direction, i.e. along the magnetic field direction and solid 
particles chains. High pressure is produced between the plates and MR fluid flows from 
the center to the edges of the plates. Considering this, squeeze mode is able to produce high 
resistance force, but for small displacement. For that reason, it is mostly used for 
controlling low-amplitude vibrations (Zhu et al., 2012). 
It can be mentioned, that in all the modes magnetic field is applied in the transverse 
direction to the walls. Being quite rough approximation for lots of MR devices designs, it 
often shows sufficiently accurate results. Hence, the assumption is considered reasonable 
for performing analysis of different applications. 
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1.2.3. MR fluid devices 
MR damper 
One of the most popular, studied and commercially successful MR fluid technology 
based devices is MR hydraulic damper. As it was mentioned in the previous section, there 
are different configurations of MR hydraulic dampers working in single and combined 
operational modes, shown in Figure 1.13 (a) and (c). Besides this, there is a number of MR 
damper configurations based on the number of chambers (Figure 1.13 (a) and (b)), number 
of piston rod (Figure 1.13 (a) and (c)), position (external or internal, perpendicular to or 
along the piston axis) and number of the coils (Figure 1.13 (d)), presence of bypass duct 
etc. (Zhu et al., 2012). 
 
(a) Single chamber flow mode MR damper (Spaggiari, 2013) 
 
(b) Double chamber MR damper (Poynor, 2001) 
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(c) Flow-shear mode MR damper (Poynor, 2001) 
 
(d) MR damper with external coil (Zhu et al., 2012) 
Figure 1.13 (a)-(d) MR dampers configurations. 
Nevertheless, the principle of work of all the MR dampers is similar. Like in the 
case of common hydraulic oil damper, the piston movement causes certain pressure 
difference in the front and rear parts of a chamber. This pressure difference makes MR 
fluid to flow through some type of small orifice, depending on the configuration of a 
damper. The coil, installed in the damper, generates magnetic field that increases MR fluid 
viscosity within some volume around the orifice. By controlling the magnetic field 
strength, the certain amount of viscous drag is produced by MR fluid in the orifice, i.e. 
overall damping force can be also controlled and tuned in real-time to withstand external 
dynamically changing vibrations (Walid, 2002; Yang et al., 2002). 
MR damper is already widely used in the automotive industry as an element of car 
primary and secondary suspension systems (Yao et al., 2002; Choi & Han, 2013). Several 
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companies manufacture and distribute the so-called smart suspensions. For instance, 
LORD Corporation sells separate MR damper units along with complete primary 
suspension systems for both civil and military vehicles, as well as seat suspensions (LORD 
website). Another company that sells primary car suspension systems is BWI Group (BWI 
website). 
In Civil engineering large-scale MR fluid dampers are installed in bridges, high-
rise buildings and other structures for wind and earthquake induced vibrations control (Xu 
et al., 2016). 
In the aerospace industry, MR dampers are studied intensively for further 
implementation, particularly for helicopter application. These applications include crew 
seat suspension (Hiemenz, 2007; Gregory et al., 2008) for operation convenience as well 
as emergency action, rotor squeeze film damper (Forte et al., 2004) to reduce radial 
vibration of rotors, and finally for lead-lag blades vibration reduction (Ngatu et al., 2010; 
Kamath et al., 1999), which is so far the most promising application of MR damper in 
helicopters. Another common aerospace industry application of MR damper that is studied 
is landing gear vibration control (Choi & Wereley, 2003). 
Besides these application, MR damper is used for smart prosthetics (Carlson et al., 
2001) and even washing machines (Spelta et al., 2009). 
MR mounts 
MR mounts are used to support powertrains and power units and isolate them from 
the main frame of the structure. MR mounts work principle is very similar to the one of 
MR dampers, and usually they use some mix of operational modes of MR fluid. One of the 
configuration of MR mount studied is shown in Figure 1.14. 
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Figure 1.14 Configuration of and manufactured MR mixed-mode mount (Choi et al., 
2008). 
 The successful performance of the device can again be proved by real industry 
application. The BWI Group, which was mentioned before, also sells MR mounts for car’s 
powertrains, shown in Figure 1.15. 
 
Figure 1.15 BWI Group MR mount for car powertrain (BWI website). 
As it can be seen in Figure 1.15, the BWI Group MR mount uses flow operational 
mode of MR fluid, as orifice has an annular cross section and installed inside a piston-like 
part. 
Brakes, Clutches and Steering Units 
Applying MR fluid technology to rotary devices, a large number of advanced 
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properties was achieved. All the devices of this group are operated in shear MR fluid mode 
and have a quite similar configuration as can be seen in Figure 1.16. 
  
Figure 1.16 MR (a) brake and (b) clutch common configurations and commercial devices 
of LORD Corporation (Carlson et al., 2007; LORD, 2011). 
The shaft is equipped with a disk, which plays a role of a moving plate in shear 
operational mode. The coil, installed outside the disk for maximum produced torque, 
generates magnetic field in such a way that magnetic lines pass MR fluid in the direction 
transverse to the disk. Hence, such a configuration is accurately described by shear 
operational mode. 
Another device of this group is a Steering Unit, particularly Tactile Feedback 
Device (TFD). Using the same principle as abovementioned rotary devices, it produces a 
force to deliver a feedback to an operator. This is highly important in modern electronic 
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control systems, where controlling force is produced by some type of actuators (Vignesh, 
2016). The importance of this device, and particularly success of MR fluid in this 
application, can be shown by LORD Corporation TFD steering unit (LORD website). The 
device entered the market in 1999, in 2006 around 50,000 of TFD were sold (Carlson et 
al., 2007), and nowadays more than 400,000 devices are in service (LORD, 2009). 
Although there is not enough data to be analyzed, one can mention that if some polynomial 
approximation is applied to the number of devices sold in corresponding years the curve 
would show exponentially growing interest to the device. 
Besides the aforementioned, a variety of devices and different manufacturing 
processes based on MR fluid technology have been recently created and advanced, 
including MR fluid valves, polishing devices, etc. (Wang & Meng, 2001). 
One interesting device utilizing MR fluid technology is a hollow helical spring 
filled with MR fluid, which was recently designed and investigated (Suresh et al., 2015). 
In the paper, analytical solution for the stiffness of such device and experimental results 
are presented. The spring was manufactured from silicon tube and later filled with MR 
fluid. Magnetic field was applied by copper wires coiled around the spring. The study 
showed that the MR fluid could control the stiffness of the silicone spring; however, the 
spring resistance force could be controlled in quite narrow range. 
It was clear from the paper (Suresh et al., 2015) that applied magnetic field of 0.14 
Tesla is fairly small for MR fluid to get its maximum yield stress. Moreover, only one 
spring design was considered, thus an additional improvement of MR fluid effect can be 
obtained by finding optimal design parameters. MR fluid filled spring has such advantages, 
comparing to other MR dampers, as simplicity in structure, high deflection ability (suitable 
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for high-amplitude vibration), potential lower weight (less MR fluid is used) and cost. In 
addition, in a relatively recent research on the controlling lead-lag vibration of the 
helicopter blades, a radial absorber based on Coriolis force was modeled and analyzed 
(Austruy, 2011). The results showed that such damper is able to suppress vibration by 35%, 
and hence, reduce the weight of blades by up to 5%. However, a spring or spring-like 
element with nonlinear stiffness is required to be used in such kind of radial damper. This 
effect can be achieved by utilizing MR fluid technology. Considering all these facts, an 
additional fundamental parametric analysis of the MR fluid filled spring is proposed in the 
present work. 
Such an interest in MR fluid technology can be explained by its unique properties, 
such as high viscosity and shear stress when subjected to a magnetic field (in active state), 
rapid response (activation and deactivation time), low power consumption, and 
environmentally stable parameters. Furthermore, more advanced (Yang et al., 2015) and 
stable (Rodriguez-Lopez et al., 2015) MR fluids are developed (Ashtiani et al., 2014). In 
addition, an effect of yield stress increase was observed when MR fluid was subjected to 
some compression in the direction of magnetic lines, i.e. particle chains. The observed 
values of yield stress reached around 800 kPa (Tang et al., 2000) and 1100 kPa (Wang et 
al., 2008), which might be highly useful for some applications. 
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2. Objective and Approaches 
Variable stiffness mechanical spring can be advantageous if used in modern active 
and semi-active damping systems. Although MR fluid is known to change its viscosity 
under magnetic fields, the effect of filled MR fluid on the stiffness of hollow spring has 
not been fully understood.  Fundamental analytical study of a MR fluid filled spring in 
terms of stiffness change is the main objective of this paper.  
The changes in stiffness of the MR fluid spring system are calculated using 
advanced spring mechanics, fundamentals of fluid mechanics, and MR fluid rheology. 
Numerical solution is used to simplify the complex transient processes and to prove some 
assumptions made in the analytical solutions. To investigate the performance of the MR 
fluid filled spring, its stiffness changes are investigated with design parameters of the 
hollow spring, such as spring index, pitch angle, cross-sectional void ratio, and spring. 
 
 
 
 
 
 
 
 
 
 
 
25  
3. Analytical Approach 
3.1. Spring mechanics 
In order to calculate the stiffness of the MR fluid filled spring, the stiffness of a 
hollow spring and its mechanical equations are first considered. Main geometrical 
parameters of the helical spring with annular cross section are shown in Figure 3.1. 
 
Figure 3.1 Geometry of a helical hollow spring with annular cross section. 
In the figure, 𝐷 is the spring mean diameter, 𝑝 is the pitch distance, 𝛼 is the pitch 
angle, ℎ is the length of the spring, 𝑛 is the number of coils, 𝑑𝑖 and 𝑑𝑜 are inner and outer 
radii of the annular cross section, respectively. Two more main spring parameters are a 
spring index and a void ratio of the annular cross section. Spring index, 𝑖 = 𝐷 𝑑𝑜⁄ , is the 
ratio of a spring mean diameter to an outer radius of the circular or annular cross section. 
Void ratio, 𝜉 = 𝑑𝑖 𝑑𝑜⁄ , is the ratio of inner to outer radii of the annular cross section. 
In general, when a helical spring is subjected to a tensile or compressive load, its 
coil is loaded by four loads, i.e. torsion, bending, shearing and axial forces (Ciupitu & 
Simionescu, 2014). These loads represent stiffness components by which a spring resists 
its deformation under the total load applied. The values of these components, or the ratios 
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between them, depend on the geometry of a spring and its cross section. A number of 
approaches to calculate the stiffness of the helical spring were developed. For 
manufacturing purposes, large index and small helix angle springs are often designed using 
the elementary (or classical) spring theory (Wahl, 1944). This theory neglects the pitch 
angle of a spring, which causes bending and tension, and a curvature of its wire. Moreover, 
the theory often neglects the shear component as it is smaller than torque for a large index 
spring. As a result, a spring is considered as a straight shaft loaded by a torque only and 
the stiffness of a spring can be represented as (Wahl, 1944): 
𝑘 =
𝐺𝐽𝑝
2𝑛𝜋𝑅3
 (8) 
where 𝐺 is a shear modulus of the spring material; 𝐽𝑝 is a polar moment of inertia of the 
spring cross section; 𝑛 is the number of spring coils; and 𝑅 is the mean radius of the spring. 
Despite the simplicity of the elementary theory, it provides quite accurate results 
for a spring with large index and small pitch angle. However, there are many other cases 
that different loading and geometric relations are demanded, such as a highly loaded spring 
with small index or a highly deflection spring with large pitch angle. Therefore, a 
fundamental study of the spring stiffness with corresponding mechanical properties is 
needed. 
To improve the accuracy of the calculations for a spring with low and moderate 
index values, curvature of the spring wire and the effect of shearing force must be 
considered. Here, the distribution of stress, induced by torque, becomes non-linear and an 
effect of direct shear from the force applied can be considered by a correction factor. The 
two most known solutions of such type of approach are Wahl’s (Wahl, 1944) and 
Timoshenko’s (Gere & Timoshenko, 1991) equations and their correction factors. These 
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approaches give an error no more than 2% for stress calculations for closed-coiled springs 
with an index equal to 3, and are even more accurate for the stiffness calculations (Gere & 
Timoshenko, 1991). 
When a spring has a moderate or large pitch angle, such as an open-coiled spring, 
bending and sometimes tensile force should be taken into account as well. However, the 
tensile force portion is often neglected as it constitutes less than 1% of the overall stiffness 
of a spring with high pitch angle and low index, when the tensile portion gets its largest 
value. 
To simplify calculations, a number of equations were developed for particular 
spring designs. For instance, the following equation considers torque and bending such that 
it is accurate for springs with moderate or high index when shearing component becomes 
small (Love, 1927): 
𝐹 =
𝛾𝐶
𝑅
(
𝑆𝐶
𝑅
−
𝑆0𝐶0
𝑅0
) −
𝛽𝑆
𝑅
(
𝐶2
𝑅
−
𝐶0
2
𝑅0
) (9) 
where 𝛾 and 𝛽 are the torsional and flexural rigidities of the spring coil, respectively. 𝑆(𝐶) 
and 𝑆0(𝐶0) are sin (cos) functions of the pitch angle after and before deformation, and 𝑅0 
and 𝑅 are the mean radii of the spring before and after deformation, respectively.  
All those equations, besides the elementary theory, are based on or partially use 
principles of the theory of elasticity. There are also some solutions obtained using a finite 
element method to increase the accuracy of calculations and to be able to study boundary 
effects (Fakhreddine et al., 2005). 
Another relatively simple approach of calculating the stiffness, by considering all 
four loads acting in the spring, is an energy method, particularly Castigliano’s second 
theorem. A solution using this method was obtained for different geometries of the spring 
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and its cross section. The results of the solution were compared with the results of other 
methods and showed sufficient accuracy for various spring dimensions. According to this 
approach, the deflection of each load component can be shown (Yildirim, 2016): 
𝛿𝑇𝑏 =
2𝑃𝑛𝜋𝑅 cos 𝛼
𝐶𝑏
 (10) 
𝛿𝑇𝑡 =
2𝑃𝑛𝜋𝑅 sin 𝛼  tan 𝛼
𝐶𝑡
 
(11) 
𝛿𝑀𝑏 =
2𝑃𝑛𝜋𝑅3  sin 𝛼 tan 𝛼
𝐷𝑏
 
(12) 
𝛿𝑀𝑡 =
2𝑃𝑛𝜋𝑅3  cos 𝛼
𝐷𝑡
 
(13) 
where 𝛿𝑇𝑏 , 𝛿𝑇𝑡 , 𝛿𝑀𝑏 , 𝛿𝑀𝑡  are deflection components of shearing force, axial force, bending, 
and torsional moments, respectively, 𝑃 is the total load applied to the spring, 𝐶𝑏 , 𝐶𝑡, 𝐷𝑏 , 𝐷𝑡 
are shearing, axial, bending and torsional rigidities of the spring coil cross section, 
respectively. 
Using these equations, the stiffness components of different spring designs can be 
compared. With some calculations, it is found that the major loads affecting the spring 
stiffness are the spring index and the pitch angle. The ratios of all four stiffness components 
with different spring indices and pitch angles are shown in Figure 3.2. 
The results show that torsion component is the most significant factor that accounts 
for more than 90% of the overall stiffness for the majority of spring designs used in 
industries. The torsion component becomes larger with increased spring index or decreased 
pitch angle. Bending component gets bigger as each of these two spring geometric 
parameters increases. Shear component gets significantly smaller with the increase of 
spring index, while it has almost no effect with a pitch angle, showing slightly decreasing 
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the stiffness with increased pitch angle. As expected, a tension component of stiffness is 
comparably low, not exceeding 0.5% for a spring with low index and high pitch angle. 
  
Figure 3.2 Stiffness components of the spring with change of a spring (a) index (𝛼 =
10°, 𝑑 = 10 mm), (b) pitch angle (𝑖 = 8 – spring index, 𝑑 = 10 mm). 
In our case, the coil of the spring is represented by a tube, which changes the ratio 
of the above mentioned components as well. Bending and torsional stresses have smaller 
values in the center of the cross section, while stresses from tension and shearing force are 
distributed uniformly. Thus, lack of material in the center of the cross section influences 
shear and tension components more than bending and torsion components. As tension 
component is assumed to be small, the change of it is also neglected. As a result, only a 
shear correction factor, which is a function of the material Poisson’s ratio and the cross 
section geometry, is used. Hence, the expression for calculating the stiffness of the spring 
with annular cross section is (Yildirim, 2016): 
𝑘 =
𝐺(1 + 𝑣)(𝑑0
4 − 𝑑𝑖
4)
4𝑛𝑅 cos 𝛼 (16𝑅2(𝑣 + sec2𝛼) + (𝑑0
2 + 𝑑𝑖
2)(2(1 + 𝑣)𝑘𝑛 + tan2𝛼))
 (14) 
where 𝑣 is the Poisson’s ratio of the material and 𝑘𝑛 is the shear correction factor: 
𝑘𝑛 =
(7 + 6𝑣)(1 + 𝜉2)2 + (20 + 12𝑣)𝜉2
6(1 + 𝑣)(1 + 𝜉2)2
 (15) 
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3.2. Analytical approach on MR fluid 
According to the Bingham model, MR fluid can exist in both elastic solid and 
viscoplastic states. As a result, the total change in stiffness due to adding MR fluid to the 
hollow spring is divided into pre-yield and post-yield portions of MR fluid stiffness. Thus, 
before yielding, MR fluid can be considered as a spring made of some elastic material with 
shear modulus being equal to the MR fluid complex shear modulus. The stiffness of such 
spring can be calculated using Wahl’s corrected formula for a circular cross section (Wahl, 
1944): 
𝑘𝑀𝑅𝐹
𝑝𝑟𝑒−𝑦𝑖𝑒𝑙𝑑 =
𝐺∗𝐽𝑝
∗
2𝑛𝜋𝑅3
(
𝑖𝑀𝑅𝐹
2
𝑖𝑀𝑅𝐹
2 + 0.5
) (16) 
where 𝐺∗ is the complex shear modulus of the MR fluid, 𝐽𝑝
∗ = 𝜋𝑟∗4 2⁄  is the polar moment 
of inertia of the MR fluid solid core, and 𝑖𝑀𝑅𝐹 = 𝑅 𝑟
∗⁄  is the index of the MR fluid spring, 
where 𝑟∗ is the radius of the MR fluid solid core. 
Different expressions for the complex shear modulus 𝐺∗ were found in previous 
works. Equations (17) – (18) were found experimentally using the ASTM E756-98 
Standard (Naji et al., 2016): 
𝐺′(𝐵, 𝑓) = (9.63 ∗ 104 − 1.51 ∗ 102 ∗ 𝐵 + 9.0 ∗ 10−2 ∗ 𝐵2)
+ (6.39 ∗ 103 − 2.54 ∗ 𝐵 − 8.47 ∗ 10−4 ∗ 𝐵2)𝑓 [𝑃𝑎] 
(17) 
𝐺′′(𝐵, 𝑓) = (2.70 ∗ 104 + 6.70 ∗ 𝐵 + 4.5 ∗ 10−2 ∗ 𝐵2
+ (3.80 ∗ 102 + 7.0 ∗ 10−1 ∗ 𝐵 − 2.20 ∗ 10−4 ∗ 𝐵2)𝑓 [𝑃𝑎] 
(18) 
𝐺∗(𝐵, 𝑓) = 𝐺′(𝐵, 𝑓) + 𝑗𝐺′′(𝐵, 𝑓) (19) 
where B is the magnetic induction (0 ≤ 𝐵 ≤ 2000 Gauss) and  𝑓 is the frequency (0 ≤
𝑓 ≤ 400 Hz). 
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Likewise, Equations (20) – (21) were obtained by fitting the experiment results 
data, for instance (Rajamohan et al., 2010): 
𝐺′(𝐵[𝑇𝑠]) = −3.3691 ∗ 𝐵2 + 4997.5 ∗ 𝐵 + 0.873 ∗ 106 [𝑃𝑎] (20) 
𝐺′′(𝐵[𝑇𝑠]) = −0.9 ∗ 𝐵2 + 0.8124 ∗ 103 ∗ 𝐵 + 0.1855 ∗ 106 [𝑃𝑎] (21) 
As well as Equations (22) – (23) (Sun et al., 2003): 
𝐺′(𝐵[𝐺𝑎𝑢𝑠𝑠]) = 3.11 ∗ 10−7 ∗ 𝐵2 + 3.56 ∗ 10−4 ∗ 𝐵 + 5.78 ∗ 10−1 [𝑀𝑃𝑎] (22) 
𝐺′′(𝐵[𝐺𝑎𝑢𝑠𝑠]) = 3.47 ∗ 10−9 ∗ 𝐵2 + 3.85 ∗ 10−6 ∗ 𝐵 + 6.31 ∗ 10−3 [𝑀𝑃𝑎] (23) 
The equations show that the maximum shear modulus of MR fluid MRF-132DG, 
obtained by applying the magnetic field in a reasonable range, usually do not exceed the 
value of 3-4 MPa. After the solid component of MR fluid stiffness is calculated, MR fluid 
viscous contribution is to be determined. 
MR fluid goes from solid to a viscous state when the stress exceeds the yield point, 
which for MRF-132DG can be found according to one of the equations shown (Thakkar et 
al., 2013; Suresh et al., 2015): 
𝜏𝑦(𝐵) = 52.962 ∗ 𝐵
4 − 176.51 ∗ 𝐵3 + 158.79 ∗ 𝐵2 + 13.708 ∗ 𝐵 + 0.1442 (24) 
𝜏𝑦(𝐵) = 39.7215 ∗ 𝐵
4 − 132.3825 ∗ 𝐵3 + 119.0925 ∗ 𝐵2 + 10.281 ∗ 𝐵
+ 0.10815 
(25) 
According to the elementary theory, a spring is considered as a straight shaft and 
shear stress distribution in the circular cross section is assumed to be linear, changing from 
zero at the center to the maximum value at the edge. Therefore, the stress reaches the yield 
point of the MR fluid at the outer regions first. While the stress keeps growing, more MR 
fluid goes from solid to fluid state. To calculate the viscous, or post-yield, portion of MR 
fluid stiffness, this solid-fluid boundary location should be found for a given load, magnetic 
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field, material, and geometry of the spring. Shear strain for the shaft is calculated using the 
following equation (Pumnia et al., 2002): 
𝛾 =
2𝑟𝜑
𝜋𝑅
 (26) 
where 𝑟 is the radius of the cross section at which shear strain is calculated, and 𝜑 is the 
angle of twist, which is calculated for the spring according to the elementary theory 
(assuming only torque): 
𝜑 =
𝛿
4𝑛𝑅
 (27) 
Substituting Equation (27) into (26) and introducing a new variable, a relative 
deflection of a spring, 𝛿̅ = 𝛿 ℎ0⁄ , where ℎ0 = 𝑝𝑛 is the height of a spring before 
deformation and 𝑝 = 2𝜋𝑅 tan 𝛼 is a pitch of a spring, we obtain: 
𝛾 =
𝑟
𝑅
𝛿̅ tan 𝛼 (28) 
The radius of the solid-fluid boundary, 𝑟∗, can be found from the value of shear 
stain, 𝛾𝑦, that corresponds to the shear yield stress, 𝜏𝑦: 
𝛾𝑦 =
𝜏𝑦(𝐵)
𝐺∗(𝐵)
=
𝑟∗
𝑅
𝛿̅ tan 𝛼 => 𝑟∗ =
𝜏𝑦(𝐵)
𝐺∗(𝐵)
𝑅
𝛿̅ tan 𝛼
 (29) 
The flow of MR fluid in viscous state in the cross section (between hollow spring 
and solid MR fluid) can be represented as a transient flow between two concentric rotating 
cylinders (Figure 3.3). In the figure, 𝑟𝑖 = 𝑑𝑖/2 is the inner radius of the hollow spring 
annular cross section, 𝑟∗ is the radius of the solid-fluid boundary, 𝑉 is the velocity 
distribution (shown linear for steady flow) and 𝑦 is the variable used in Equation (31) – 
(33). 
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Figure 3.3 Linear flow between two concentric rotating cylinders. 
Due to high viscosity of MR fluid and low shear strain rates in a helical spring, the 
transient flow of MR fluid is assumed to become steady-state very quickly. To proof this 
assumption, the simulation is performed for MR fluid flow induced by rotating inner (MR 
fluid core) and outer (inner wall of the spring cross section) cylinders.  From the simulation, 
it can be seen that for low and moderate deflection rates of the spring, the flow distribution 
between these two cylinders changes from nonlinear (transient) to linear (steady) in a 
negligible amount of time (Figure 3.4). Considering this, the flow can be assumed to be 
steady-state initially. 
  
Figure 3.4 Velocity profile (mm/s) for transient flow in the spring cross section at the 
moment of: (a) 0.2% spring elongation or t=0.001 s; (b) 4% spring elongation or 𝑡 =
0.02 s (𝑓 = 1 Hz, 𝑡 = 1 2𝑓⁄ = 0.5 s, 𝛿 = 10.75 mm, deflection rate = 𝛿 𝑡⁄ = 21.5 
mm/s, 𝑟∗ = 0.25𝑑𝑖, 𝑑𝑖 = 7 mm, 𝑅 = 17.5 mm, 𝑛 = 4). 
(a) (b) 
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The linear velocity distribution of the steady-state flow between two concentric 
rotating cylinders can be verified by an exact solution of Navier-Stokes equation (IIT 
Kanpur, 2009). Hence, the steady state equation of fluid mechanics can be used in this case: 
𝜏 =
𝜇𝑉
𝑟𝑖
 (30) 
where 𝜇 is a viscosity of the fluid, V is the velocity at given y, and 𝑟𝑖 is the inner radius of 
the cross section (Figure 3.4). 
From Figure 3.3: 
𝑉 =  
𝑦
𝑟𝑖
𝑉𝑚𝑎𝑥 (31) 
where 𝑦 goes from 𝑟∗ to 𝑟𝑖 (Figure 3.3). 
Then, the stress in MR fluid can be shown as: 
𝜏 =  𝜇𝑉𝑚𝑎𝑥
𝑦
𝑟𝑖
2 + 𝜏𝑦 (32) 
The resistance moment of the post-yield MR fluid is: 
𝑀 =  ∫ 𝜏 𝑦 𝑑𝐴 =  
𝜇𝑉𝑚𝑎𝑥
𝑟𝑖
2 ∫ 𝑦
2𝑑𝐴 + 𝜏𝑦 ∫ 𝑦𝑑𝐴 (33) 
where ∫ 𝑦2 𝑑𝐴 is a polar moment of inertia 𝐽𝑝. 
Hence, the post-yield force is: 
𝐹𝑀𝑅𝐹
𝑝𝑜𝑠𝑡−𝑦𝑖𝑒𝑙𝑑 =  
𝜇𝑉𝑚𝑎𝑥
𝑟𝑖
2
𝜋(𝑟𝑖
4 − 𝑟∗4)
2𝑅
+ 𝜏𝑦
2𝜋(𝑟𝑖
3 − 𝑟∗3)
3𝑅
 (34) 
The maximum speed of the flow is equal to the speed of the moving wall, assuming 
no-slip condition. Thus, it can be calculated for the given loading frequency: 
𝑉𝑚𝑎𝑥 = 𝑤𝑟𝑖 =
𝜑
1/2𝑓
𝑟𝑖 = 2𝑓𝜑𝑟𝑖 =
𝑓𝛿
2𝑛𝑅
𝑟𝑖 (35) 
Substitute this into the Equation (34): 
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𝐹𝑀𝑅𝐹
𝑝𝑜𝑠𝑡−𝑦𝑖𝑒𝑙𝑑 =
𝜇
𝑟𝑖
 
𝜋𝛿𝑓
4𝑛𝑅2
(𝑟𝑖
4 − 𝑟∗4) + 𝜏𝑦
2𝜋
3𝑅
(𝑟𝑖
3 − 𝑟∗3) (36) 
Therefore, the overall stiffness portion of the MR fluid is obtained as: 
𝑘𝑀𝑅𝐹 = 𝑘𝑀𝑅𝐹
𝑝𝑟𝑒−𝑦𝑖𝑒𝑙𝑑 + 𝑘𝑀𝑅𝐹
𝑝𝑜𝑠𝑡−𝑦𝑖𝑒𝑙𝑑
=
𝐺∗𝑟∗4
4𝑛𝑅3
(
𝑖𝑀𝑅𝐹
2
𝑖𝑀𝑅𝐹
2 + 0.5
) +
𝜇
𝑟𝑖
 
𝜋𝑓
4𝑛𝑅2
(𝑟𝑖
4 − 𝑟∗4) + 𝜏𝑦
2𝜋
3𝑅𝛿
(𝑟𝑖
3 − 𝑟∗3) 
(37) 
For a given spring design, MR fluid stiffness component can be evaluated for 
different spring loading cases, i.e. different spring deflections and frequencies of the load 
applied. The corresponding stiffness variation can be seen in Figure 3.5. For convenience, 
relative spring deflection 𝛿̅ = 𝛿/ℎ0 is used instead of absolute value of it. The figure shows 
that for some initial range of the relative deflection the stiffness is constant, as all the MR 
fluid stays in the solid state. After some value of the relative deflection is reached, MR 
fluid stiffness starts to reduce significantly. This is the point, when the stress on the edge 
of MR fluid reaches the yield stress and MR fluid starts to transmit to liquid (post-yield) 
state. As relative deflection increases, the radius of the fluid-solid boundary 𝑟∗ decreases, 
which greatly reduces the pre-yield MR fluid stiffness. Although, the post-yield MR fluid 
region is increased, its stiffness is not high enough to compensate the overall stiffness drop. 
It is observed, that the change in viscous component of the post-yield MR fluid stiffness is 
not noticeable with variation of the frequency of the load applied. To be able to evaluate 
the viscous portion for a wider range of spring designs, its ratio to the overall MR fluid 
stiffness is calculated for the different spring indices and pitch angle values with a constant 
magnetic field (Figure 3.6). 
For consistency, the spring geometry in Figure 3.5 and Figure 3.6 is taken the same 
as in the previous study of the MR fluid spring (Suresh et al., 2015). 
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Figure 3.5 MR fluid stiffness portion 𝑘𝑀𝑅 𝑓𝑙𝑢𝑖𝑑 with change of relative deflection 𝛿̅ and 
loading frequency 𝑓 (𝑑𝑖 = 7 mm, 𝑖 = 4.375, 𝜉 = 0.875, 𝛼 = 5.3°, 𝑛 = 4, 𝐵 ≈ 0.14 Ts, 
𝐺∗ = 3.35 MPa, 𝜏𝑦 = 6.6 kPa). 
 
Figure 3.6 Viscous portion of MR fluid stiffness for different spring designs (𝑓 = 20 Hz, 
𝛿̅ = 0.5, 𝑑𝑖 = 7 mm, 𝜉 = 0.875, 𝑛 = 4, 𝐵 ≈ 0.14 Ts, 𝐺
∗ = 3.35 MPa, 𝜏𝑦 = 6.6 kPa). 
It is appeared that the viscous portion grows up to 0.0014% for the spring with the 
index of 12, which is the highest commonly used spring. Variation of pitch angle does not 
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show any perceptible change in the viscous component. This is due to the fact that the 
equation used to calculate the solid portion of MR fluid stiffness considers only torque and 
shear. Hence, the above results for different values of the pitch angle are not completely 
accurate, as Wahl’s corrected formula (Equation 16) shows excess stiffness values for high 
pitch angles. However, the error in Wahl’s corrected formula is shown to be less than 5% 
for a spring with the pitch angle of 20 degrees and 15% for the pitch angle of 40 degrees 
(Yildirim, 2016). Thus, this error is not significant in our case and the viscous portion of 
MR fluid stiffness can be neglected. 
The above conclusion is made with the assumption that the flow between two 
concentric rotating cylinders is linear, when for high loading frequencies of the spring, the 
flow cannot be assumed steady or linear. For transient non-linear flow between two 
concentric rotating cylinders, the speed gradient is much higher at the outside boundary 
comparing to steady state flow, but rapidly falls at some relatively small distance from the 
boundary. Thus, higher shear stress is produced close to the boundary only. This increases 
the viscous portion of MR fluid stiffness in some magnitude but does not make it sufficient 
enough to be considered in the calculations of the overall MR fluid stiffness. 
Finally, the equation to calculate the overall stiffness of the spring filled with MR 
fluid can be obtained: 
𝑘 =
𝐺(1 + 𝑣)(𝑑0
4 − 𝑑𝑖
4)
4𝑛𝑅𝑐𝑜𝑠𝛼 (16𝑅2(𝑣 + 𝑠𝑒𝑐2𝛼) + (𝑑0
2 + 𝑑𝑖
2)(2(1 + 𝑣)𝑘𝑛 + 𝑡𝑎𝑛2𝛼))
+
𝐺∗(𝐵)𝑟∗4
4𝑛𝑅3
(
𝑖𝑀𝑅𝐹
2
𝑖𝑀𝑅𝐹
2 + 0.5
) + 𝜏𝑦
2𝜋
3𝑅𝛿
(𝑟𝑖
3 − 𝑟∗3) 
(38) 
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4. Results of Analytical Approach 
In the previous study (Suresh et al., 2015), the force to spring elongation relation 
(or stiffness) was obtained analytically and experimentally for a MR fluid spring made of 
silicon, filled with MRF-132DG. In their analytical solution, the elementary theory was 
used to calculate the stiffness of the hollow spring and the MR fluid stiffness component 
was calculated using the approach developed by the authors. In the experiment, the silicon 
spring filled with MR fluid was tested by attaching the ends to the force sensor and linearly 
varying a displacement ladder. An electromagnetic field was applied by means of copper 
wire wound around the spring coil. According to their results, the analytical solution 
estimated the resistant force of the spring of 0.171 N for 35 mm of the spring deflection, 
while the experiment measured the force of 0.212 N for the same spring deflection. The 
difference between these values is 21.4%. 
Using the equation for the stiffness of MR fluid filled spring derived in the present 
work (Equation 38), the analytical solution shows the resistant force of the spring of 0.201 
N for 35 mm of the spring deflection (Figure 4.1).  
 
Figure 4.1 Force – deflection relation of the MR fluid filled spring obtained in the present 
study. 
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The difference between the analytical solution and experiment result from the 
previous study is reduced to 5.3%. The present calculations are performed with the same 
to the previous study inputs, i.e. spring geometry, MRF-132DG properties (LORD, 2011; 
Suresh et al., 2015), mathematical model (Bingham model), and magnetic field (calculated 
using Biot-Savart law, where magnetic permeability of MRF-132DG 𝜇𝑟 = 7 is used 
(Simon et al., 2001)). 
Finally, as the analytical solution is validated from the experimental study with a 
small margin of error, the MR fluid filled spring stiffness can be further studied for different 
spring designs with a constant magnetic field (𝐵 = 0.14 Ts). Main parameters controlling 
the design of the MR fluid filled spring are spring index, pitch angle of the spring, void 
ratio of the annular cross section, and the material used for the hollow spring. Stiffness of 
the hollow spring and MR fluid filled spring, as well as percentage contribution of MR 
fluid stiffness to MR fluid filled spring stiffness, are shown as functions of abovementioned 
design parameters in Figure 4.2. 
Figure 4.2 (a) and (b) show that the variation of spring parameters, such as spring 
index (3 to 12) and pitch angle (5º to 20º), contributes very little in the overall MR fluid 
filled spring (MR fluid contribution 0.8% and 0.2%, respectively, for the hollow spring 
geometry and material shear modulus given). Accordingly, these parameters are not useful 
in terms of controlling the maximum contribution of MR fluid to the overall stiffness. It 
should be mentioned that Figure 4.2 (b) is not completely accurate for large values of the 
pitch angle because Wahl’s corrected formula (Equation 16), which accounts for variation 
of spring the index only, is used in the calculation of the solid contribution of MR fluid 
stiffness. 
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Figure 4.2 Stiffness of the hollow spring and MR fluid for different: (a) spring index 
(𝐺 = 0.1 GPa, 𝛼 = 5°, 𝜉 = 0.9), (b) pitch angle (𝐺 = 0.1 GPa, 𝜉 = 0.9, 𝑖 = 6), (c) void 
ratio (𝐺 = 0.1 GPa, 𝛼 = 5°, 𝑖 = 6), (d) shear modulus of the hollow spring material (𝑖 =
6, 𝛼 = 5°, 𝜉 = 0.9). 
From Figure 4.2 (c), it can be seen that the void ratio of the annular cross section is 
an important factor that controls MR fluid stiffness contribution. To enhance the effect of 
MR fluid the void ratio of the annular cross section of the helical spring must be 
maximized. Finally, Figure 4.2 (d) shows that materials with low shear modulus must be 
used for a hollow spring (less than 1 GPa) to obtain some noticeable MR fluid stiffness 
contributions. Hence, two major design parameters that determine the final performance of 
the MR fluid filled spring are the cross section void ratio and the shear modulus of the 
(a) (b) 
(c) (d) 
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hollow spring. 
To increase the controllable portion of MR fluid filled spring stiffness, the void 
ratio of the annular cross section mush be as large as possible. However, an increase of the 
void ratio leads to a decrease of the wall thickness and can cause local buckling of the 
spring. To prevent local instability of the spring, the largest safe value of the void ratio 
must be used. The solution for the void ratio of the annular cross section, providing spring 
local stability (Spinella & Dragoni, 2010), shows the value of about 0.875 for springs made 
of stainless steel (for a reasonable value of safety factor). For most of materials, this value 
fluctuates between 0.8 and 0.9. It should be noticed that this void ratio value considers only 
the local buckling load based on the operational load as well as some factor of safety values 
to account for dynamic loading. Nevertheless, the manufacturing of a spring with high void 
ratio is a challenging process because thin walls tend to deform during the spring 
manufacturing process. 
Most of the helical springs are manufactured from different steel alloys due to their 
processing and fatigue advantages. Some springs are manufactured of titanium alloys to 
reduce their weight and improve corrosion resistance (MW Industries, 2016). Titanium 
springs have lower shear modulus than the one of steel alloys, about 42 GPa and 80 GPa, 
respectively. However, for specific applications, springs can be made of different 
polymers, e.g. silicon, the low shear moduli of which are suitable for MR fluid filled 
application as it exhibits noticeable controllable portion of the stiffness. 
To show the performance of MR fluid spring with close-to-optimum design, the 
derived equation for the overall stiffness (Equation 38) is used for a range of operational 
magnetic field values. 
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While most of values are well known or can be calculated, the complex shear 
modulus of MR fluid as a function of magnetic field is usually obtained empirically. In 
addition, three sets of equation for storage and loss shear moduli mentioned above are 
accurate for some range of magnetic field, but show excessive values of moduli for zero 
magnetic field. Another research on the MR fluid is considered (Laun et al., 2010) in which 
the moduli are measured with a rheometer for multiple points from zero magnetic field to 
0.78 Ts, and are shown in Table 4.1. 
Table 4.1 Magnetic field (flux density) dependent values of yield stress and shear 
moduli (Laun et al, 2010). 
 
The given values of shear moduli are interpolated with second order Lagrange 
polynomial approximation: 
𝐺′(𝐵[𝐺𝑎𝑢𝑠𝑠]) = −1.201 ∗ 10−4 ∗ 𝐵2 + 1.386 ∗ 𝐵 + 2.1 [𝑘𝑃𝑎] (40) 
𝐺′′(𝐵[𝐺𝑎𝑢𝑠𝑠]) = −1.85 ∗ 10−5 ∗ 𝐵2 + 0.151 ∗ 𝐵 + 0.85 [𝑘𝑃𝑎] (41) 
These expressions show a gradual nonlinear growth of the storage modulus from 
zero magnetic field to about 0.6 Ts, where it almost reaches 4 MPa. The value of the 
magnetic field for which the modulus gets its maximum value is also reasonable as it 
coincides with the saturation point of most MR fluids, after which the yield stress does not 
increase (An & Kwon, 2003). Applying these values of shear moduli to the equation for 
the total stiffness, the performance of close-to-optimum MR fluid filled spring design can 
be shown as function of the magnetic field applied (Figure 4.3). 
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Figure 4.3 Performance of close-to-optimum MR fluid filled spring design (𝐺 = 0.5 GPa, 
𝜉 = 0.875, 𝛼 = 5°, 𝑖 = 4.5). 
In the Figure 4.3, the curve of MR fluid contribution shows that MR fluid effect 
can reach up to around 6% of the overall stiffness for springs made of materials with low 
shear modulus (different types of polymers) with sufficient values of the magnetic field. 
The MR fluid effect can be improved by using more advanced MR fluids, which has higher 
values of complex shear modulus and yield stress. However, the lack of studies on their 
shear moduli limits the present estimation of MR fluid spring performance. Even for 
commercial MF fluids entered into the market about 10 years ago, such as MRF-140CG 
(LORD, 2008), the shear modulus is a poorly studied mechanical property. Apparently, 
such a disregard of the shear modulus can be explained by sufficiency of other properties, 
such as yield stress and viscosity, to perform the flow analysis in most of MR fluid 
applications. In cases of MR dampers, brakes, clutches etc., the fluid stays in post-yield 
state and the shear modulus is not required for analysis of these devices. 
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5. Numerical Approach 
To numerically evaluate the MR fluid effects in the hollow spring, the finite 
element analysis of the MR fluid filled spring is performed by means of 2-way Fluid-
Structural Interaction (FSI) in ANSYS, particularly using ANSYS Mechanical and CFX. 
The goal of the numerical solution is to validate the results obtained by analytical approach 
and to observe the transient solution of the problem. 
5.1 Steady-state simulation 
Before analyzing the transient solution, the steady-state simulation is performed to 
observe the MR fluid effect and compare it to one obtained through the analytical solution. 
The coupling of the numerical solvers is shown in Figure 5.1. 
 
Figure 5.1 Coupling of numerical solver in 2-way steady-state simulation. 
The hollow spring is modeled with the geometry parameters shown in Table 5.1. 
Table 5.1 Geometry of the helical hollow spring 
Number of revolutions (turns) 2.5 
Pitch of the spring 12 mm 
Mean diameter of the spring 36 mm 
Outer radius of the annular cross section 6 mm 
Inner radius of the annular cross section 5 mm 
Void ratio of the annular cross section 0.833 
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The small number of spring turns is used to reduce the number of nodes and 
computational time of numerical solution. The number of spring turns of 2.5 is chosen to 
reduce the bending and transverse deflections of the spring. Silicon was supposed to be 
used as the hollow spring material. However, due to low stiffness of the material, high 
deflection of the spring and corresponding high MR fluid induced viscous forces cause an 
unstable numerical solution. To simplify the simulation, structural steel is used as the 
material for the hollow spring in the further simulations. At the meshing step, the default 
mesh is improved by applying different techniques, while the total number of nodes is kept 
relatively small. The results of the mesh process in both ANSYS Mechanical and CFX can 
be seen in Figure 5.2 and Table 5.2. 
  
Figure 5.2 Meshes in (a) ANSYS Mechanical and (b) CFX. 
In Table 5.2, it can be seen that even the improved mesh is not of very high quality. 
The poor quality of the mesh is due to the complexity of the geometry, particularly its 
curvature in both cases and the high surface area-to-volume ratio of the hollow spring. 
In CFX, the liquid is modeled as incompressible non-Newtonian fluid using 
(a) (b) 
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Bingham viscosity model with yield stress of 50 𝑘𝑃𝑎 and viscosity of 0.112 𝑃𝑎 ∙ 𝑠. To 
stabilize the numerical solution, the axial force is applied gradually to the spring and the 
MR fluid induced viscous forces are controlled by a mass flux pressure coefficient on the 
FSI surface as well as an under relaxation factor. The wall boundary condition is used at 
the top and the bottom of the spring to imitate closed volume of MR fluid inside the spring. 
Table 5.2 Mesh quality in ANSYS Mechanical and CFX (Steady-state simulation). 
ANSYS Mechanical 
Number of nodes  Element quality Aspect ratio Skewness 
7223 
Min 0.1233 1.380 0.1011 
Max 0.9242 12.69 0.8977 
CFX 
Number of nodes  Element quality Aspect ratio Skewness 
13455 
Min 0.4667 1.088 2.872e-2 
Max 0.9880 2.997 0.4084 
To evaluate the MR fluid effect, the solution for steady-state 2-way FSI simulation 
is compared to the steady-state simulation of the hollow spring with the same mesh, 
boundary conditions, and the 100 N applied load (Figure 5.3). 
  
Figure 5.3 Steady-state (a) ANSYS Mechanical and (b) FSI solutions for the deflection of 
the MR fluid and hollow spring 
(a) (b) 
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The comparison shows that the spring filled with MR fluid deflected less than the 
empty hollow spring, 1.681mm and 1.712mm respectively. The increase in stiffness of the 
spring is 1.81%; however, it may not be only due to MR fluid effect. The simulation shows 
some drop of pressure in MR fluid by around 25 kPa averaging throughout the spring, 
while the reference value is 100 kPa (1 atmosphere). This pressure change in MR fluid is 
caused by the deformation of the annular cross section of the hollow spring, i.e. change in 
its inner volume. The pressure change resists the deformation of the hollow spring, and 
thus, creates an additional stiffness component of MR fluid filled spring. Although the 
pressure change is small, the MR fluid is modeled as incompressible liquid in CFX, which 
could constitute a large portion of the resistant force. Hence, compressible fluid model 
should be used to improve the accuracy of the result. 
5.2 Transient simulation 
Transient 2-way FSI simulation is performed to account for dynamic loading effect 
on MR fluid filled spring. The spring geometry, boundary conditions, and load applied are 
the same as in the steady-state simulation. The mesh applied to the spring in Structural 
Transient part of the simulation is refined up to about 40,000 nodes, keeping about the 
same values of mesh quality. That is done as inadequate convergence is observed for 
Structural part in Steady-state FSI simulation. To achieve a stable numerical solution and 
its convergence, same techniques as in the steady-state simulation are applied. In addition, 
the steady-state solution, particularly the mean value of pressure, is used as the initial 
conditions in CFX part of the transient simulation to start the numerical solver from the 
point closer to the solution and to get a stable convergence. The time step is required to be 
small to achieve a reasonable solution; however, it must be maximized to reduce the 
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computational time, while the mass flux pressure coefficient is tuned to keep an adequate 
convergence. Nevertheless, the step time is increased only up to 2e-7s, which gives 10,000 
coupling steps according to the total simulation time. The under relaxation factor is kept to 
be 1, not to have longer convergence at every iteration step. 
First, the transient simulation of hollow spring is performed to observe dynamic 
response of the current spring design. The amount of time required for the spring to reach 
its maximum deflection (about 0.002 s) is used as final simulation time for FSI simulation 
to minimize the computational time (Figure 5.4). 
  
Figure 5.4 Transient (a) ANSYS Mechanical and (b) FSI solutions for the deflection of 
the MR fluid and hollow spring 
The maximum deflection of the MR fluid filled spring is reduced by about 6.7% 
comparing to the hollow spring. The pressure change is also larger than it is observed in 
Steady-state FSI simulation, having both low- and high-pressure areas ranging from -58.6 
to +49.3 kPa with the reference pressure value of 100 kPa (1 atmosphere). It is observed 
that variation of MR fluid viscosity significantly influence the pressure change in the 
liquid. Hence, it might be used to highly increase the amount of controllable stiffness in 
case of dynamic loading of the MR fluid filled spring. 
(a) (b) 
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6. Conclusions 
The effect of MR fluid on the stiffness of hollow mechanical spring is analytically 
studied with some assumptions made numerically. The viscous portion of MR fluid 
stiffness is proven to be negligibly small for the particular application. The accuracy of the 
equations is validated by comparing the analytical solutions to known experimental work, 
showing small difference between both results. The analytical solution calculated in this 
paper shows that the controllable stiffness by activating MR fluid in the hollow spring is 
appeared to be relatively small. Sufficient change in stiffness can be achieved only for the 
spring made of compliant materials and/or ones having large void ratios. However, it might 
be significantly increased by using more advanced existing MR fluids the shear moduli of 
which are not studied. 
2-way FSI simulation is performed to prove the effect of MR fluid on the spring. It 
is observed that there is an additional component of resistant force due to pressure change, 
which depends on the value of MR fluid viscosity. Hence, the controllable MR fluid effect 
can be increased. 
To estimate the pressure component more precisely, compressible fluid model must 
be implemented in the FSI simulation. The deformation of the spring cross section and 
compressibility of MR fluid must be considered in analytical analysis to account for the 
effect of the pressure change. The FSI simulation of the silicone spring filled with MR fluid 
is to be performed to be able to compare its results with the experimental data of the 
previous study on MR fluid filled spring and the analytical solution of the present work. 
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